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The distribution of wave steepness (H/T ) for fully developed sea is obtained from Bretschneider's joint distribution of wave height and wave period. This steepness distribution is used with standard wave runup curves to develop a frequency curve of wave run-up. Use of this run-up distribution curve will permit more accurate estimation of the variability in wave run-up for design cases, and particularly the percent of time in which run-ups will exceed that predicted for the significant wave. The distribution may also be used with normal overtopping procedures to determine more accurate estimates of overtopping quantities.
Wave run-up may be defined as the vertical height above mean water level to which water from a breaking wave will rise on a structure face. Accurate design data on the height of wave run-up is needed for determination of design crest elevations of protective structures subject to wave action such as seawalls, beach fills, surge barriers, and dams. Such structures are normally designed to prevent wave overtopping with consequent flooding on the landward side and, if of an earth type, possible failure by rearface erosion.
Because of the importance of wave run-up elevations in determining structure heights and freeboards, a great deal of work has been done in the past six years in an attempt to relate wave run-up to incident wave characteristics, and slope or structure characteristics. Compilations based largely on laboratory experimental work have been made and have fe-?* suited in curves similar to those shown in Figure 1 which is reprinted from the U. S. Beach Erosion Board Technical Report No. 4. Such curves most frequently have related the dimensionless ratio of relative run-up (R/H ) to incident wave steepness in deep water (H /T ), as a function of structure type or slope.
(H is the equivalent deep water wave height.) The curves shown in Figure 1 are of this type, and pertain to structures having a depth of water greater than three wave heights at the toe of the structure; this depth limitation in effect means that the wave breaks directly on the structure. The curves shown in Figure 1 are a portion of a set of five separate figures, covering different structure depths (d/H ). All are published in Beach Erosion Board Technical Report Number 4.
(1 -> These curves were derived primarily from small scale laboratory tests. Further laboratory tests with much larger waves (heights two to five feet) have shown that a scale effect exists for some conditions. *Numbers in parentheses indicate references listed at end of report. Methods of taking this scale effect into account are also discussed in Technical ReporJ Number 4/ and will not be further covered here. Use of these curves with appropriate scale correction appears to give quite accurate determinations of wave run-up for smooth structures, if the waves are of the same type as generated in the laboratory. These laboratory waves are simple repetitive waves, with each successive wave being essentially identical to the one preceding and following it.
AN APPROXIMATION OF THE WAVE RUN-UP FREQUENCY DISTRIBUTION
Unfortunately, waves in nature are not generally of this type. In nature, no two waves are exactly alike, each successive wave being different from the preceding and following ones by a greater or lesser amount. The difference in successive waves is apparent in both height and period (or length). Consequently, there is some question as to the method in which the laboratory-derived run-up curves should be applied to actual wave conditions in nature. Practice in the past has been to apply these curves using the so called significant wave, which is a hypothetical wave having statistically described characteristics. Its height is defined as the average height of the upper one-third of the waves in the wave train, and its period is the average period of these higher waves. If the waves in a wave train are grouped according to their various heights, a statistical distribution is essentially the same regardless of the actual magnitude of the heights, or the state of generation or decay of the wave train. The significant wave, representing the average of the higher one-third of the waves, is exceeded by only thirteen percent of the waves in the wave train. If this wave height is used for design run-up considerations, the run-up obtained will be exceeded by only a small percentage of the waves, and damage is unlikely to occur. Experience has proved this assumption generally valid.
In the few cases where the importance of completely preventing wave overtopping of a structure is quite crucial, normal practice has been to compute a spectrum of wave run-ups using these same run-up curves and obtaining a range of wave steepness values based on the varying height values and a constant significant period assumed applicable to all of the higher waves. It is recognized that such computations are in error, but it has been assumed that the error would be relatively slight and of little importance.
Several years ago, however, a joint distribution of wave height and period was described by Bretschneider^-' f or the particular case of fully developed sea -that is the case where the wind has been blowing long enough over a great enough distance to generate waves which are in a steady state condition. The fully developed sea condition is that for the case when the correlation coefficient between wave height and wave period (or length) is zero.
50

AN APPROXIMATION OF THE WAVE RUN-UP FREQUENCY DISTRIBUTION
This correlation coefficient has been defined as r(Tl,\) T|X -1
where and X =-
The bar indicates average values and H, L, and T, are, respectively, the wave height, length, and period. For the special case of zero correlation, the probability of both a particular value of height and length occurring simultaneously may be given non-dimensionally as P (T|,\) = P (T|) However, for design cases it is more frequently the significant height and period which is available, particularly if wave characteristics are obtained on a hindcasting basis. The steepness distribution in terms of significant wave parameters would therefore also be of use. They may,be easily obtained since, as has been shown by LonguetHiggins 
This curve is shown in Figure 2 . It represents the distribution of wave steepness for a fully developed sea as a ratio of the steepness of the significant wave.
The limiting wave steepness in deep-water as given by Reid and Bretschneider from Michell's work is H/T = 0.88. However, in the frequency distribution shown, values of steepness as great as 250 times the average steepness were derived. Even with a relatively low value for the average wave steepness, these values would still considerably exceed the limiting value of 0.88. These waves must then be breaking and represent the proportion of waves that at any one instant are exceeding the critical steepness and breaking either as relatively small whitecaps or, less frequently, as relatively large breakers.
An estimate of the relative amount of these breaking waves would be interesting, and is readily available if the average steepness can be obtained. For the case of fully developed sea, the. steepness of the significant wave (H ,_Ar . ) is about 0.06. With this steepness value, and the steepness distribution as shown in Figure 2 , a value of about 0.17% is derived as the approximate proportion of waves in a fully developed sea which are breaking at any one particular time.
However, the case of a truly fully developed sea seldom if ever occurs in nature, requiring as it does relatively unattainable durations and fetches. The case of more practical interest is that of the normal storm generating area, in which the steepness of the significant wave is more nearly equal to 0.22 (the value most frequently used for design purposes). (This value corresponds to an average steepness of 0.20). If one assumes that the Bretschneider relationship for joint distribution of height and period for fully developed sea is approximately valid also for this condition, then a value of about 2.2% is obtained as the approximate proportion of waves in a normal generating area which are in the process of breaking at any particular time. This estimate would seem of the right order of magnitude, although-no specific observations of this measure appear to be available to check its validation.
Actually the Bretschneider joint distribution is for a zero correlation between wave height and period. For the more normal generating area zero correlation does not occur, but the actual correlation of approximately 0.2 is not far removed. The true distribution would be skewed somewhat toward the long period values, but the approximation of the Bretschneider distribution would still appear reasonable (see his Figure 7 .2 for example^), particularly when the general accuracy of the distributions as a whole is considered. Consequently a rough estimate of the proportion of whitecaps and breaking waves in a generating area can reasonably be made as about 2% or a little more.
Using this steepness distribution and the run-up curve given in Figure 1 , a distribution of individual relative run-ups may be derived. This distribution has been obtained for the more interesting case of a generating area where Hi/3/T 2 jy3 = 0.22 and is shown in Figure 3 . Again, the assumption is made that the Bretschneider joint distribution is also approximately valid for the normal generating case. Figure 3a shows the distribution of individual relative run-ups; that is, the run-ups as related to the height of the particular wave associated with that particular run-up. Figure 3b shows this distribution normalized by division by the relative run-up of the significant wave, also as a function of slope.
The distribution shown in Figure 3 is of interest, but of still greater interest would be the distribution of run-up alone, or of runup as a ratio of the run-up of the significant wave. Figure 3b shows this relation, but as a ratio to the wave height distribution (H/H1/3). Despite the fact that the height distribution^) i s known it appears impossible to accurately obtain the R/R1/3 distribution directly from these two known distributions since all three are definitely interrelated.
However, the initial steepness distribution obtained can also be tabulated (from Bretschneider's table) to give percentage values of occurrence of particular steepnesses as associated with particular relative heights (H/H) and periods (T/T). Such a table is initially in normalized form, (H/T 2 )/(H/T 2 ), but may be put in terms of particular steepnesses if a particular value of (H/T 2 ) is assumed.
(Note that assumption of a particular value of (H/T 2 ) is tantamount to assumption of a particular value of Hi/3/T 2 i/3). Once this value has been assumed, a similar table for relative run-up (R/H) may be derived from This process has been carried out for two slopes (1 on 6 and 1 on 2-1/4) using the steepness distribution for fully developed sea (i.e., These distribution curves are shown in Figure 4 . They all lie quite close to one another, particularly in the higher run-up ranges which are of most interest. Of especial importance is the fact that the distributions derived for the two wave steepnesses (0.06 and 0.22) are very nearly exactly identical for each of the two slopes determined.
That portion of the distribution curves for lower values of R/R. ,_ is somewhat less exactly determined, probably because of the relatively large proportionate ranges of H/H and T/f used to obtain these values. This use resulted in a noticeable stair-step plot of the lower end of the distribution, and the curves axe drawn as dashed in this region. For the higher values however the plotted points showed very little scatter, and a fairly exact curve may be drawn. The determination of the distribution of the lower values is primarily of academic interest since, of course, it is the distribution of values higher than R. ,, which is of paramount practical engineering design value.
The distribution curves for these four slopes are very nearly the same, and within the limits of approximation implied by the method of their obtention, may be considered to be the same. The outer limits of these curves are shown in Figure 5 to describe the band of frequencies determined. An average line has been drawn within this band as a single approximate run-up distribution to be used for all slopes -for waves still in the generating area, and for structure depths, d/H, greater than 3. This curve is suprisingly close to the distribution curve for wave heights, which is also shown in Figure 5 . In fact, within the approximations and assumptions used in obtaining the run-up distribution curve, the run-up distribution is probably equally well represented by the height distribution curveat least in the area of engineering interest which is generally for the run-ups in excess of R . . And usage of the height distribution which is relatively widely Known probably facilitates general application. From either curve, it is seen that about 13% of the runups exceed the run-up of the significant wave, that about 1% of the run-ups will be 1.5 times R . , and that about 1 in 1000 will be 2 times R-._.
Use of the distribution shown in Figure 5 
